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Let Fdx, Y),..., Fan+l(x, y) be the representatives of equivalent classes of 
positive definite binary quadratic forms of discriminant -q (q is a prime such that 
q - 3 mod 4) with integer coefficients, then the number of integer solutions of 
Fi(x, y) = n (i = l,..., 2h + 1) can be calculated for each natural number n 
using L-functions of imaginary quadratic field Q((-q)“‘). 
1. INTRODUCTION 
In this brief note we shall only consider the imaginary quadratic field 
Q(( --d)l12) (d > 0) whose ideal class group is a cyclic group of odd order > 1. 
In such a case, d is a prime number q = 3 mod 4. We shall use p to denote a 
rational prime in general. Let 6 = (6,) (X1 ,..., tX2J (h 3 1) be the group of 
all ideal classes of Q((-q)lj2), then by our restriction above we can assume 
that a, is a cyclic generator of 8 and &, is the identity element in 6. We order 
t&‘s so that (X2+ and 62i are reciprocal ideal classes for j = l,..., h. It is 
known that to each Ei there corresponds an equivalence class of the positive 
definite binary quadratic form F&x, y) = uix2 + bixy + ci y2 of discriminant 
-q = bi2 - 4aici with ai , bi , ci E Z (the ring of rational integers). Con- 
versely, to each equivalence class of the binary quadratic form Fi(x, y) with 
discriminant -q, there also corresponds a unique ideal class of Q((-q)1/2). 
We take the reduced quadratic forms as the representatives of equivalence 
classes of quadratic forms, that is, the coefficients of each FJx, y) satisfy 
conditions 
Since we restrict ourselves to the case where q is a prime number = 3 mod 4, 
the values ai, I bi 1, and ci are different from each other except that aj = 
/ bi j = 1 and ci = (q + 1)/4. The last exceptional quadratic forms corre- 
spond to the principal ideal class and, without loss of generality, we can take 
F,(x, y) = x2 + xy + [(q + 1)/4] y2 as the principal form. Other types of 
reduced binary quadratic forms occur pairwise, such as F2j-l(x, y) = ajx2 + 
b,xy + cj y2 and F2j(x, y) = uix2 - bjxy + cj y2, and we can take each bj as 
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positive forj = l,..., h. To each Fi(x, y) = aixz + baxy + ci yz (i = 2j - 1 
or =2j for some 1 < j < h) we associate the ideal class (Xi represented by 
the ideal 211i given by 
%i = tai , (b, + (-q)““Wl, 
where ai and (bi + (-q)‘i2)/2 make the bases of )21+ over Z. Fi(x, y) is obtained 
1 
where N(&) means the norm of ideal 91i . (For the precise references see 
[2, 31.) We shall fix these representatives 21i and F,(x, y) henceforward. 
Let a@, Fi) be the number of pairs of integer solutions x and y 
of Fi(x, y) = n, then we know that 
(1) 
where “I” in the above sum means that the case m = n = 0 is excluded. 
Clearly it holds that a(n, Fzj-1) = a@, Fzi) for any n and for any 1 < j < h. 
Van der Blij [l] has shown that if q = 23 (in this case class number of 
Q((-23)112) is 3) then quadratic forms Fi(x, y) (i = 0, 1,2) are given by 
F,(x, y) = x2 + xy + 6~2, F,(x, y) = 2x2 + xy + 3y2, andF,(x, y) = 2x2 - 
xy + 3yz and that the quantities a(n, FJ are given by a(n, FO) = $ &% 
(d/23) + *t(n) and a@, FI) = a(n, F,) = $ Cain (d/23) - it(n), where (-) 
denotes the Legendre symbol and r(n) is the coefficient of 
x fi (1 - Xk)(l - X2=) = f t(n) xn. 
Hz1 fl=l 
He has also shown that the number 2(n) is derived from L-functions of the 
field Q((-23)r/a). We have noted that by reversing his argument we can show 
that each a(n, Fi) is explicitiy determined when the ideal class group of 
K = Q((-q)lf2) is a cyclic group of odd order. This is the purpose of this 
note. 
2. PRELIMINARY AND MAIN RESULTS 
Let x denote a character of 05, then by definition L-function I+, x, K) is 
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where ~(‘3) = ~(6~) for 9l E C& and 2l runs over all integral ideals of K. 
We know that 
=G x, K) = rJ (1 - X(P) N&P)-‘, (3) 
P 
where p runs over all prime ideals of K. 
We shall classify all rational prime p’s as follows. From now on we shall 
use (-) as a Jacobi-Kronecker symbol. If (( -q)/p) = -1, then p is prime 
in K and NK( p) = p2 and x(p) = 1 for any character x of 6. Such a p is 
called of first kind. If p = q, then p is a square of prime ideal n = (( -q)lj2) 
in K and iV#) = q and x(a) = 1 for any x. Such a p (i.e., q) is called of 
second kind. If (-q/p) = 1, then p is decomposed into the product of two 
prime ideals p and p’ in K and N,(p) = N&‘) = p. The behavior of x(p) 
is still complicated. In the decompositionp = pp’, if p belongs to 6, then p’ 
also belongs to C,, and if p belongs to C2j-1 for some 1 <j d h, then p’ 
belongs to Kzj . That is, p and p’ belong to reciprical ideal classes. 
PROPOSITION 2.1. When (-q/p) = 1 and p = pp’ as above, then the 
necessary and suficient condition that p belong to CC,, is p is represented by 
W, Y). 
Proof. Let p belong to 6,) then p = (T) with 7~ = 01 + [(-1 + (-q)‘l”)/Z]& 
where (Y, j3 are in Z. We observe that 
N(p) = N(7r) = 7-m’ = a2 - $3 + ((1 + q)/4) /P, 
= W--ol, fh 
= p. 
Conversely, if p is represented as p = 01~ - LX/~ + ((1 + q)/4) p2, then the 
principal ideals 
‘p = (n) = (a + -l +y2 p) 
and 
-1 - (-q)‘P 
cp’= (at 2 8) 
make pp’ = p. Q.E.D. 
When p = pp’ is such as that described in Proposition 2.1, we see that 
x(p) = I = 1 for any character x of 8. A prime p of this type is called 
of third kind. 
PROPOSITION 2.2. When (-q/p) = 1 and p = pp’, then the necessary and 
su$icient condition that p (or p’) belong to C52j-l (or C2j) as p is represented by 
Fzdx, Y). 
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Proof. For any integral ideal 9I in Q((-q)lj2), we associate a binary 
quadratic form F&Y, v) given by 
where LX and p are the bases of ‘% and 01’ and /3’ are conjugate of (Y and /3, 
respectively, in Q((-q)1/2). Since (-q/p) = 1, we can take a minimal 
positive odd integer r such that r2 = -q mod p. Ideals p = [p, (r+( --q)l/3/2] 
and p’ = [ p, (-r + ( -q)1/2)/2] divide p and it holds that p = pp’, If 211i and 
p (or p’) are in the class (Xi, then Fai(x, y) is equivalent to Fp(x, v) (or to 
F,(x, v)). It is clear that F,(x, JJ) represents p, so Fz,(x, y) also represents p. 
Conversely, if Fst.(x, v) represents p, then by Theorem 5 [2, p. 2001, F%,(x, y) 
is equivalent to either FJx, v) or F,,(x, y) and either p or p’ belongs to the 
ideal class of ‘ui . Q.E.D. 
A prime p described in Proposition 2.2 is called of (j + 3)th kind 
(i = 2j - 1 or 2j). Here we should note that we cannot say which of p and p’ 
belongs to Kzjml at first sight, but we know algorithmic processes which 
examine the above point. Since 6 is cyclic, its character group is also cyclic 
and we can define the generator x1 of the character group by setting 
Xl&) = 52h”l 3 
= exp(2&/(2h + l)), 
because c, is a generator of 8. Each character x of 8 is expressed as x = x1” 
for some integer v such that 1 < v < 2h + 1. The principal character is 
specially denoted by x0 . We shall examine L(s, x, K) more precisely. By the 
above arguments L(s, x, K) in (3) is rewritten as 
L(s, x, K) = n (1 - p-y x (1 - q-y 
(-a/P)=-1 
x l-& (1 - X(P) P-9-v - xW)p-9-l. 
(--PIP)=1 
(4) 
We observe that x(p) x(p’) = 1 and that x(p) and x(p’) are conjugate 
complex numbers. If we define t,(p) by 
G(P) = 0 if p is of first kind, 
= 1 ifp is of second kind, 
= 2 if p is of third kind, 
= &,l + S&l ifp is of the (j + 3)th kind (j = l,..., /I), 
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then L(s, x1*, K) can be written as 
us, Xl", w = lJ (1 - f"(P)P -t (-4/P)PF', (5) 
P 
where p runs over all rational primes. In the case q E 3 mod 4, by the 
reciprocity law of the Jacobi-Kronecker symbol, we get (-q/p) = ( p/q). 
Hence the right-hand side of (5) becomes of the form 
n (1 - t,(P>P-S + (P/4)P-28)-1. 
11 
LEMMA 2.3. Let X be an indeterminate and y, 6 be complex numbers. If we 
formally expand 
1 
I- yx+sx2 = z. MA, 
then we have the rules 
a, = 1, al = Y and aA = ya,-, - aa,-, for X > 2. 
This lemma is easily verified and we omit its proof. 
By Lemma 2.3 we have 
(1 - t,(p) rs + (P/4)P-2”)-1 = f t”(PA)P-A8, 
A=0 
(6) 
where t,( 1) = 1, and 
tApA) = t,(p) t,(p”-‘) - (P/4) tJP”-“>- (7) 
PROPOSITION 2.4. (i) If a prime p is of$rst kind, then 
t,(p”) = $I((-l)‘/“)” + (-(-1)“2)“}. 
(ii) If p is of second kind, then t,(p”) = 1. 
(iii) i+fp is of third kind, then t&p”) = X + 1. 
(iv) If p is of (j + 3)th kind (1 < j G h) and 1 < v < 2h + 1, then 
t,(p”) is periodic with respect to X with period (2h + 1). 
(v) Zf p is of (j + 3)th kind (1 < j < h) and v = 2h + 1, then 
t”(p”) = h + I . 
The proof of this proposition is achieved by using the values of t,(p) and (7), 
and we neglect it. By examining all cases of Proposition 2.4, we get the 
estimate 
I t”(P9l < x + 1, (81 
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for 1 < Y < 2h $ I and h 3 0. By (8), series (6) is majorized as, 
j -f t,(p”)p / G io@ + l)P-Au 
A=0 
= (1 - p-y, u = Res > I, 
and L(s, x1”, K) in (5) is majorized as 
Thus L(s, x1”, K) is absolutely convergent for 0 = Re s > 1 and we can 
expand the right-hand side of (5) into the usual Dirichlet series as follows. 
Using formulas (5), (6), and (7) and setting r&n) = t,(m) t,(m) for (m, n) = 1 
(this setting is justified by the Euler product (5)), we get 
us, Xl”, K) = f k(nW>) (9) 
?I=1 
Here we should remark that x1” and xihfl-” are reciprocal characters and that 
L(s, Xl”, K) = L(s, x;h+l-“, K) because of the property of t,(p). 




Since L(s, x1”, K) is absolutely convergent for Re s > 1, by the uniqueness of 
the coefficients of absolutely convergent Dirichlet series, we get by comparing 
(9) and (IO) 
; ‘z (x,“(G)> a+, Fi) = c(n). (11) 
. 
It is easily checked that the determinant of the matrix (x;(Q), 0 < i < 2h, 
1 < v < 2h + 1, is not zero, so we can solve (11) with respect to a(n, Fi). 
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Thus we have done our task. L(s, x0, K) is nothing other than the Dedekind 
zeta function for the field K and from L(s, x0 , K) we get a classical formula. 
To see this we start from (5) and using (-q/p) = (p/q) we get 
L(s, x0 ) K) = n (1 - p-Zs)-l X (1 - 4-S)’ x n (1 - p-S)-” 
(Y/4)=-1 (P/P)=1 
= n (1 - p-“)-I x JJ (1 - (p/q)p-S)-’ 
piall prime zxall prime 
Hence we get 
We shall give two examples of our result. 
(I) Let the class number of K = Q((-q)li2) be 3 and write three ideal 
classes as (X0, C& , and 6, . By F&K, JJ) (i = 0, 1,2), we denote the corre- 
sponding reduced binary quadratic forms and a@, Fa) as already used. Let 
x0 and x1 be principal and nonprincipal characters, respectively. From 
Us, x0, K) we get 
&, F,,) + 0, F,) + 0, &J = ah Fo) + 24n, 6) 
= 2 C (d/q). 
din 
From Us, x1 ,K) = Czxl MO/~9 we get 
u(n, F,) - u(n, F1) = 2t,(iz). 
So we get 
a@, Fo) = 3 c (d/q) + b&(n) 
din 
and 
4,W = a@, F2) = 8 C (n/q) - #t,(n). 
dln 
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The class number of t2((-q)1/2) is 3 when q is one of the primes 23, 31, 59, 
83, 107, 139, 211, 283, 307, 331, 379,499, 547, 643, 883, and 907. It may be 
conjectural that there would no longer exist such a prime. 
(II) Let the class number of K = Cb((-q)‘f2) be 5 and write five ideal 
classes as &, , (X1 , CC, 6, , and CC, (& and (X:2 are reciprocal classes and (X3 
and CC, are reciprocal) and Fi(x, ,v) (i = 0, l,..., 4) and a@, Fi) are as already 
used. Ideal class group 8 is cyclic since its order is 5 and any ideal class other 
than the principal class generates 8. Let x0 be the principal character of Q 
and x1 be a generator of Q defined by xl(&) = 5,) where 5, is exp(2ri/5). 
From L(s, x0, K) we get 
i ah FJ = ah F,) + 2a(n, F,) + 2a(n, FJ 
i=O 
= 2 1 (44). 
din 
From 
L(s, x1 ) K) = qs, x1%, K) = f J$g 
n=1 
we get 
ah Fo) + ~0, Fd + p’ah FJ = 2t2(n), 
where P, p’ are (- 1 + 5’/“)/2 and (- 1 - 51/2)/2, respectively. From 
L(s, x12, K) = qs, x13, K) = f y 
?L=l 
we get 
ah Fo) + ~‘4% F,) + pa@, FJ = 2t,(n). 
We have thus 
uh Fo) = ; C (4 + ; {tl(n> + r,(n)>, 
d(n q 
a@, S> = ah F,) = ; $ (3 + - ’ ; 51’2 tl(n> + - ’ ; 51/” t2(n), 
and 
ah Fd = 4~ FJ = ; d; (3 + - ’ ; 51’2 t&z> + -’ 1 51’2 t2(n). 
The class number of &p((-q)li2) is 5 when q is any one of 47,79,103,127, 131, 
179, 227, 347, 443, 523, 571, 619, 683, 691, 739, 787, 947, 1051, 1123, 1723, 
1747, 1867, 2203, 2347, and 2683. 
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